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Final 

lecture!

Outline

• Two great clustering examples

– 21stCentury and 19th Century

• Impossible programs

– Cows with guns

– Files and images

21st Century clustering

• Walmart processes hundreds of 
millions of transactions per day

– Several petabytes (million gigabytes)

• Incredible source of information about 

what people buy

– There are clearly clusters in the data

• I.e., college students

– Finding common subsets is a great CS 
problem, related to clustering

• People who bought {A,B} also bought {C}

19th Century clustering

• John Snow’s map of cholera outbreak

– Epidemiology, spatial statistics

– How did we know AIDS wasn’t airborne?

Impossible programs

• CS51 has been about powerful 
methods to write programs

– Elegant programming tools

– Efficient algorithms

• But not all problems can be solved 
with a computer (obviously)

– Even well-specified computational 
problems are not always solvable

Importance of impossibility

• Negative results serve as vital shortcuts

• Suppose someone claims to have 
code to solve an impossible problem 

– You know that subroutine must be wrong

– No matter how complex or fashionable!

• Somewhat akin to conservation of 
energy in physics

– Perpetual motion machines cannot be 
patented

– See also: dimensional analysis
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Pigeonhole principle

• Usually stated with pigeons and holes

– In honor of Greg, cows with guns
http://www.youtube.com/watch?v=FQMbXvn2RNI

• If there are N cows and N-1 guns, you 
can’t assign each cow its own gun

– How to prove?
?

Lossless compression

• A lossless compression algorithm (like 
WinZIP, or Apple Lossless) shrinks a file

– Uncompress to get exact original file

• No loss of information (compare: MP3/JPEG)

• No lossless compression algorithm 
makes every file smaller

– Otherwise, run it on its output recursively

Using Pigeonhole Principle

• What about a lossless compression 
algorithm that either shrinks a file or 
leaves it the same length?

– I.e., files can’t grow, can shrink

• Consider the smallest file that shrinks

– Suppose it shrinks to be N bits long

– The 2N possible files of length N have to 
uncompress to 2N+1 files

– So some file uncompresses to create two 
different files

Interpolating images

• What time was this photo taken?

• Can we zoom in on it?

• If only real life imitated TV…
http://www.youtube.com/watch?v=XgRwI4Z6Wqo

Small from big

• Make small picture from big picture

– Typically: ignoring every other number 

– In 1D, turn (1 3 2 100) into (1 2)

• Many big pictures become the same 
small picture!
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Interpolation is impossible

• What actually happened between 
the data points you observed?

– Without strong external “bias”, there is no 
right answer, hence no right algorithm

CS51: 2 Impossible 

Programs

Greg Morrisett & Ramin Zabih

Two Programs

Here are 2 programs we can’t hope to 
write:

• Construct a stream of all of the real 
numbers between [0..1].

• Construct a program that, when given 
a Scheme function, determines 
whether it halts.

To argue this, we’ll use the same 
general technique --- Diagonalization.

A Stream of Decimals

Suppose we wish to represent all of the real 
numbers between [0..1].  

Perhaps we can represent a real number 
using a (possibly infinite) decimal 
expansion?

½ = 0. 50000…

pi – 3 = .14159354…

Aha!  Reals as streams (lazy lists) of digits…

Streams of Bits

Instead of base-10, we can use base-2.

• 1/2 = 2-1 = . 1 0 0 0 0 0 0 0 …

• 1/4 = 2-2 = . 0 1 0 0 0 0 0 0 …

• 1/8 = 2-3 = . 0 0 1 0 0 0 0 0 …

• 3/4 = 2-1 + 2-2 = . 1 1 0 0 0 0 0 0 …

Enumerating

Given this representation, can you write 
a program to generate all possible 
sequences?

.1000000…    .01100000…   .0101000…

.0100000…    .11100000…   .1001000…

.1100000…    .00010000…   .0111000…

.0010000…    .00110000…   .1011000…
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Not Big Enough

• Suppose you hand me a stream R.
– Each element of R is itself a stream of 0’s and 
1’s

– That is, R is a table:
0.0000000…
0.1000000…  
0.0100000…
0.1100000…
…

that is conceptually infinitely long and 
infinitely wide.

But thanks to lazy evaluation, is actually finite!

• Suppose you claim that R includes all 
possible sequences of 0’s and 1’s.  

A New Sequence

• We can use R to construct a new 
sequence of 0’s and 1’s that’s not in R!

• Solution?
– Calculate the ith digit to be the opposite 
of the digit in the ith position of the ith row 
of R.    

0.0000000…     
0.1000000…  
0.0100000… 0.1111…
0.1100000

Note this doesn’t depend on how you 
generate R!

A Related Problem

• We can build an interpreter for lambda-calculus 
in Scheme.
[see code]
– Parse strings into abstract syntax tree.

– Evaluate abstract syntax tree using the substitution 
model.

– Print out the result.

• Recall that in lambda calculus, the only values 
are functions (lambda’s).
– We can encode numbers, pairs, lists, strings, etc.
– In fact, we can encode all of Scheme!

– So we can encode our interpreter in lambda-
calculus.

– So we can interpret lambda-calculus with lambda-
calculus.

– But remember that lambda terms can be 
represented as strings (or big numbers or …)

Halting

• Suppose you claim to have a Scheme 
function 
(HALTS? p a):

– When given a program p = “(lambda (x) 
…)” and argument a,

– Returns true if evaluating “(p a)” 
terminates.

– Returns false if evaluating “(p a)” 
diverges. 

– Note that HALTS can “peek inside” the 
lambda since it has the representation as 
a string.

We can build a stream of 

prog’s

• We can enumerate all of the possible 
lambda-calculus programs in a 
stream.
– Good exercise --- not unlike generating 
all of the sequences of digits.

– Basically, just generate all combinations 
of variables, lambdas, and applications.

– (Much easier to do this for lambda-
calculus than all of Scheme.)

• So build some stream L of all lambda 
programs.

Constructing a new 

program…
(define evil (n)

(let ([e (nth n L)])
(if (HALTS? e e) 

(evil n)
42)))

• Now evil can be encoded as a lambda-
term.

• So it must be at some position in the stream 
L.

• But evil behaves differently than every 
program in the stream L.

• So it cannot be in L.
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Other problems

Many other problems can be proven 
“impossible” to compute by reducing them 
to halting.

For example, it’s impossible to tell whether a 
Scheme program will have a type-error.
– Suppose you had such a routine: TC
– To tell if a program P will halt, we can put an 
explicit type-error after it:  (seq P (car “Ramin”))

– Then ask TC if this will generate a type-error.
• If P diverges, then TC must say “no”
• If P terminates, then TC must say “yes”
• So we solved the halting problem – impossible!
• The assumption that TC exists is invalid.    

Keep in mind…

• We can’t write a program that can 
determine whether all programs halt or 
have a type-error.

– We can write a program that determines if 
some programs halt. 

• For instance, we can tell that (lambda (x) x) 

always halts, regardless of its input.

– We can also write a program that 
determines if some programs will not have 
type-errors.

– But these won’t ever be perfect.

• Good news!  Full employment corollary for CS.


